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LECTURE 1
* A (R4, is ask R with two binary opesations: + (addition) and - (mulbiphication) such that e !ouma heads -
@ (R#) i an sbelion goup
(> Chsseciatve) Yo,b,ceR, a.(be)= (ab)e

Gip  (Dishibutive) ¥ a,bic €R ,a(b*)® apt 6t and (bidaz Lo tca
* We say Ris a okl ving K them i LeR sah tad Lazan yaeR.
A+ (0 Soy Ris o commutaive r'u\a itab=ba YobeR

*'Z;Q;R,(o are vingS

L ) is ol Ting

3.
27 s cammutabive |'mn bat not unikl

© M (R) is wmital but  not commutalive (n>1)

# € R i anitel fhen sois M_(R)

grosk: | Gmsider [P g ) ]
o
i,

# o M (R) s uwnihl #en  Ric unihl
proof: lek I be dhe iduﬂﬂa‘ Then b xe R, set My the matun  with G0 hﬁua'l.
S M L= My omd BM M. Desobt ¢ oin 1) wocfhicamt of I . (D¢ geb ex=xe=X g
* .
= The s 2, of nfegers woddlo . is o fing

« RIxl= i.n“* ide 4 a'inez”, Bgs-s8n GR% is gtl-a



A Gompude ( D]x + DO BL e [alx +£8]) w Z, 04

saion: (Dl x+ DD ) (e n? 4 D8] 5+ 1)

n

[“‘3]“‘1 + [lﬂk x ¢+ [n-a]hx"q- t.,ﬁh,d E.«]I‘

[0, + 0 x + Dalx®* « (3] x4+ T,

faand, x? + Caedn + [,
= @, x t 0,

3 LA = far simplitily

e
X (omgure  (x+1) " in Zs'["]

1
solubion;  (st0) = ab4 g+ ax(x1) T xPw

% Suppose ¢ is prime . (ompuke bm)IP in Irt‘l

5 )
salution: um)' = x'+(nx' T B LY S rl(n L IRTAT

¥ Here prlynomioly  ore also dekned as ZT“ Wikl Te polynemials are equol only it cackbtaient ove gume.

‘ Toe  divedk ;.\-,-e.-alm}' o [in&l K'I .

Rix-- »Ro= e, - 1) | v et, )= 4a€R3

with  ppevations
[ T X oo LA el 208 S it ¥,
[SAFERIIP ™ CI S AMIPERI b N TN & A5 AT SRR T A

% Compute €2,2):(3,3) Zo 2,

Solubiem (23, 23) = (1,0)

* Su".lt R a Iin% padh 0 i the meutral element of the abelian bl‘ﬁll.P ('.,f)_ Then ¥ o oo, e Eullu)'m‘ hall:

1) {0y b= ~(ob)= a:(-6)

N e 8= b



prock: () Siace 07070, we howe 0-0= (0%0)a ¥ acR

0-0= fow)*(e0) = owoo =«

@ Neve Wb gb + 1-edbr (o s(-a))bT 0bre D (=wb=: -fb)

(SO ED IR TS ETRET QYT ) TR S |

»
X Sagpese R o kel tiry. Then Mese 4y o wnigat 1,8 R such feak

1“- ax II.‘I.*= 'S

proks  Suppuse bilh 381 salify 1e1f2@

ki Wheneve? . We lemtn & wes. shudtre, you should ok Ay subytks Mot thart the same propeitics | maps ek groevves those

o Sappue (R, 3 s AUE A supsek Sob R called suprian &R it

o (5,4) is o Subguaup of (4,1)

Thi> weany  Hod  for erory a0 &S, wthove abeS.

1S i dosed  undef  malfiplicahon .

* Zs w'bt;n% of QL. s au’n-ima of R. Ris su\n.'noad‘ €.

A Wvok s Yhe smallest lubainta of € et eudtifin ) aad |9

2. whal i tee  dmadlest swhving o € Mt conbaing O, and {1 2

3 eat is e smaellesk ;.Jnv:nbrf € thol  contuint Dy and QG-?

solubion: 4. @ L]
1 @6l

1 QU Y., Yl

* Suppoaf.. R, 2 R;,. or e Hwe 1'\“'& .Then a FIIN.’}IO“ ;'-RI"',Ra s Cn.“f.* xi sl:‘a Homcspi’\)‘\&:\'\ ¥ ﬂ,\o& R:

fla)tfle) o ditionally | HU4e) = 4,

1 flu4b)

£ () - fLle)

]

2§ lub)
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LECTURE 2

# Suppasc £:82R, u o bijuhve |'ma homstpnism.  Then ‘F.‘:ﬂ,"g, ) uin} homazphism.
pﬁu": sice Vi bijakion , ik is vl gad  thiye i e Rundhion §7 R,=>R,.
PN R )= ) o $05 ) =g = £(F " (atw))
= F 7y ) ( vy ;-_',;Ji-d-s)
& -1 ~ = 1 -A
Smilarty,  FCE(eB))= abz £ (FD) HER)) = p(£'@)F )

5 faws F"(:.-}-i-dlb) by t-)uhf;lz,'

¥ A H'Jg}idf. t'ma hemovphism colledh "{; nemeipham . Qe l‘a o \‘N% e -.i'--‘:vt\'-'{:‘:--'-,'l" Poeve is o ﬁha “°WP‘OW bebwetn e .

% Guopiaup onfiien 1 Seppese 6, i oaveup and His e un-uu’ subsch, B for avry hWen .Im'-'ﬁt'l shen H i o Subeyroup.

* f!ubx-.r;:; cukarion:. Suppest . B s --ma ond .S Kk ofon- =-lrfa sabget of R E  Fer ety oo eSS, vt haie
I n-b &5
2ok €5
Bem S a :u\wina

preof: Bﬁ Sutuamp cribenon, by 13 we dedwe et (5,4) is o Sllba\tmp ob (R,+). Since

§ is  glso  closed weder mulbiplicakon, we gqet S 1 whring @

B . kel of group homecpuism. F between doo obdlion opoups A 3R, s ke b= Jaeh\fa)= 0%

»dmone o £a3 Imbiz (6| ae AS €M,

# Suppee £1 R, SR, s c..{.na howovphse . Then Hre kernel kev & of f it oo mbﬂms of R, ond imf is o Su'ni'lrﬁ oF R,

¥oeh, xekexf , ox,xa € kaf.
prock: s evough foshow nd- Haey Gxe closed  under  mulhiplicra, .
Va €xab od ¥ o/eR ,uthae  Flaa?) = fla) fo)=a-Had2p  Do-a’ €kesf
So dosed .

VYoo eimf 2 c,/eR, ok fC2b, €CeD=p = Llc-cDby. »

# | Find he Kernel oF ¢, - '..72“?2“ - c‘\Lc\]'-= [al

|

, ek € A

. Ma'ﬂ: oA



Go lution: Note Q& ker ¢, &> ¢, (o) = Eqn & nle.

So kee ¢, = nZ.

# o Nte gy ZIx 2 7, [x] > Cq fi:ou-,i‘y 1= ZT-..G" Wy s ving homomatphism . Find  kene) of i, .

U & ;
prost : 2. wx G key ¢ iz tyloy) * ‘ro D epla)so & sl a; ke Gy
]

Se  Kes Cy = llZ 'I.-.*] ;

®* e fC..') s & group and 36 @ ,then cydic o DuPs 3mqu\’u‘, ble'S

igﬁ l '\EZ} and 83 (n)= aﬂ is o ocoup e mod phism .

A Segpose Roig umbd with b ia-u‘ri}s element 4,4 - Then
eZ> R, etmdi=nl,
is a 1"'\3 hsmoTrehism
ook we spw  elmn) = olm)eln)
Cast s Mzo ef az0
=2 ety
ot 20 mnzo

LR RIR XN

mo fimey

eCm) em) = (Lo 140) Capv-r 4,
—_— —
mn oy n fimes

l'.ltmlj ot ave eqpal .

obetrs  can be  Aeall li-i\mlj.

#  Suppose B 53 & commudafive g and A o subing of B . Sugpost beB  ben evalakion cap 6 ALEI 28, 6 (F0):= f(p)
i o ﬁna by mevphism
prook- We hove Yo Sww kb evony h.b ¢ARX]
O B (L@ EM) = ¢ L)+ b, (5 ()

@ 6w (W) = B )



@ 4y CRWT R = b (AR = (1eh) )

< GEIPRW) T F 0D * 6,5 0D)

@ 4y (R0 BW) = ¢ (P = ply)

mwih f\‘j them
E ) Fak)= p)

wen . B B Tel) . Sodmu
C’ kev c‘qb = 3 € plx) \ f{u\m?t

im. 4 = 1) gwe Hﬂ%‘%_ % ﬂ;b\\ﬂ;éﬁ,nezi



LECTURE 3

B Cusluatien map is ‘h‘. ATx) ' L ﬁ‘ U‘l‘)] = )

# | Swppost A ia uubvina of 6 unibl eammulnlive T:‘B 8 and bel. Then e inoye of the evaluation map @b w e | Smallesk a.ubfien of B Hhot tontuing Yootk A ondle

proof ¢ Since 4, b 0 ting hmemerphim , ik imat B wsuloring - Tor overy oehk, ¢, (70 2 ¢, ()b S. Ao & \m L

W S canbisn beth Asb. Tm Ya,,--yanch, by wﬁiéu'uj rh):q,i Qxe- - ‘"cnK“J Wt ,Li if Pllﬂ & \md:b A el ‘b{'lunas Yo S,

D mg G smaliest  sudh sth @

Suppon M ® subring of & wnital  wmmulidivt iy B, ond bel

The  swmallesh subring of B hick cantuinS Al s denated by WAy

% Seppast R o ikl vi . e iy ae R . e .ha aefR s wi WEmen 53 o’eR sahihol oo'= aftarin o The sk of allwnihiof

#

Pt

Suppust Ris o unikl | emnuhlive f‘mﬁ and o €R 15 pount. Then dhem 35 o un'qu). o’ e R such thad a-al =

R‘l& &lnu‘n& bv Rx.

'
&5 o' 9 a¥ aie i%vevses.

Nk 6" =o'’ = o g

# Suppese R is o wnibl r'mca- Then (R, ) lis_a group-

prook :

L ul'd? ha3y iaverses pmpu}a -k cleoxly hos inverats,

Wi dued s Lo (3ha) = (h‘-u‘){a'l)"].‘ a

% Q= Q\1% , R =R\ 1%

¥ Ffnd 2"

prock:

iF 0eZ® 2aa’zt 2 gl lol=) ® az 1wl

Se ?x=§1."z{ whith wuks ®



% Finl 2 i, 23

sadion s [3), 102}, 2 D, 2 a7z2 a2,
Y oZ+5b2 = gdlai)Z
vZ = 10, ] gdiamnt
A2 = 4
L}

% A unbl commutelive sing E ois clled Fild o FF = FAY0K

* O\JRJE« oqe Gidds . Z s wat.

proot: | Z, is kel e 2z, = 2) yILE = 104, \ Jd emef < gy iabeogr less faon n s caprime wihn w

¥ Suppose R is & commulakive iin:'. We .ha acR 5 & 2ero-divisti€ar0 andok=0 fo5 some ToN-Zew beR . The stt ﬁ zove divesors  is  dewsked 0§

DLR).

% A pwhl  ommutelive fng D 5 called om [ofiawl domoin § D hes ae zewo divisors and  Mote Man anedewent.
= 1'\?509\ Al A 5 #0o Yaen move Yhan one elemen)
164, =0p > 1& e R = gzoxz 3= % .8R:54

* Z, 0LR ;€ ow 'm-‘mjm\ domaing  and, Z, is ad 'uﬂrﬁul domain.

prosk:  lexosae R*A D) 2 3 eR st oa'=t and sbeR 5 abzd S o= o (ak)=@ Qb b o he. ﬁcanh'uli:hm'

proat:  We kwow F is a fidd iF F' = F/ 3% .

We know  F QL D(F) = ¢ = DF) = 0§ o F ia\'wjm'l domain



# (LanceVation luu}j Suppsse Dis  aa lnhojfa‘l domein . Then ¥ ov0e D, b,ceD

ab zoc = b=c

prosk: Snce abzac Palb-t) = 0 D b =0 D  be
}

in k.v)'ra'l 4 oWidin

v 7 Suppose Dis o finite \n‘rca’w‘l domgin - Then D is afield.

proof:  Siace D i3 mhsul deman, ibis alse o commubalive ving ad o .

G we need to dubw -Hna}'wa non-zero element | o €D i o wwit.
We do ¥z e ™ FLT“ hide.
[TUSI-% TEASE S B YA R 1L
Note Henb A& Ix,--- sAnb
Cmsider Lok o 70,0 %%
e Wb lax,, . osaxd 2 Ym, - uxd o dbFc st Abzac D alb-d=0 uis inbuyval damain .

So 3 *; sk ax; sl . Se X ube  avense ok, @

» s‘,ﬂpu R i e fum. ek
N+{R)== t nsz-‘ l V .LE R, na = Oi

= NTCR) s cnr\B,u& .wa Moy odensic of R s o - I NYCR) & net emply , the  Caradusitic of R is minimum  of

The <hovadoishe of R 5 | demled by cho | R)

¢
P e ¥
3

g o
prook:  Mile bt keve €2  huae s of e form n,Z.  \¢k Char (R)=n.
C\elul, I'l:l.&ﬂ" =] 'nZ S kae .

6 ay S0 D elds mely mo s sk gessible  chay (R) =wyq

Hexe kere = r\z, ) |

?""E" € char(D)=v #£0  qnd Say n s cowmposite = 3 a,b# st n=ab

Then (4,4 - #1.)C s -vib) = @Lin)(bi-,)-: ab L, =0 omdat #o
—— —_——

[/ b

sbb  #0 Nt possible ot 1D B



LECTURE 4

v £ura ml'{ﬁru\ damain con._be e.randei infp o fild

R Suppost Dis en iakeyel domain. Far (B aad (4,d) v DR(PN10E) , e sy 0BV (ed) ikadrbe. Nofe ~ s equivalamce velhonas :
) Capd N {eh) g ob= koo
U F ) 2 (d) 2 adzbe = cb=da = Cc,al')uh.ﬂ)
@ % (b (OD) ) (oD ~ee®) D ad=be, <F=de D ade = bee , odfF = bef , ack-ade , befsbde
2 oade=bee =aocf -
adbz bekz bde =D afd=bed B oF rhe @ intt oval domoin

ard  commulukive @

% We let f be Ho e-,‘u.'wn\;m.t!. tlasgs f,c..l,')l,m-

§lw=( &) @H ¢ Xp\1Y) |

e Lox & oz adakx wd 2. & = ac
» 4 bd, LI vd
To daeck F iy is well defindd -
"3 & = b2 and & = &
b b d, d,
2 1‘. + 5 - 4 aid, 4 ¢4 by > 0 4% = axd, & q,“.lg,
b, 4, b, 4, by 4, 'O:-a;,

We need 4o Show  4,dy Tob = &i‘lz RATA
bid bade
1"

toshow

S (0,4 + b)) (bd) = @3‘& LYY ‘-\u)(b.-h)

fo showd

2 Adiboyd, v Gl b dy = udbid, +o b bd,
bub  We ko %43 0.4, L ¢ d.? o d,

Hence  the tt}wdil\lj Foliouss .

A =0, 8z ? . Yo show 8,0 6 . %G o1 Show 0."-;-*0;,“4,:&,‘5‘.‘1:,4.
LJ b, d 9 b4, ard2

which whwe 68 G, by = 0 ; GdizGd, g



% (am, 1) s » '!iqa

73 4 r (0 = .ﬁ.ﬂ? S0 ®CD) i qroup . Mulbiglicaicn is defined loo: So oiing
b b b
’!-9[..5 sddiive idembry oy ;‘..{.%i: %-Nd‘t .ﬂl-=-;--
L qd!ipliu\ln 'dul'ﬂu i 18 .t.
‘Mo & pomeb= L. =) QD) is a fed
» = b 1

Cpwof e meed to show M) ¥ilk)= i (a40)

and i€o)ilp) =ilab) ¥ gpeDd

= Gl
-\

i)+ ) = 5‘, + b = 88 = i(ath)
\

ilod -ik) =

-Is

b o= ab ozoilek)
|

hig  inlechive ot i(a) = i\b) =D .%ah

; H oz b

nHoz=h =
&Q Suppose & ami, B ave vings We  Sou & tenbe embedded w B

G we aise s Blhea oo copy of A

it feece IS an wyedhive f.ing homovphism from | to B.

¥ Suploost D s on|intenrod domain ond F i afid [Suppae, DI F s on injedice King e otphism
Then ?EQ[D.)"’F = K]

£ )= £COE(Y 5wl defmed. \

1]

Moreower  tue. following s, @ cmmu}ij dia gy ram. (alled  Universal peopuky & fild of Fradions
b —— g

= [ fey= £

v D Q). i.mr‘iz.

prook: o ‘E s well defrmed as

LY 8 - 4
T

Ta)- Fad £ (b))

= |
t¢ ar) = $(a) Fl)



To  Show U “‘-)H\’\)-l = F(M.) -F'[\w..)-‘
(' °|52__‘ 4%, 3 ‘P‘ﬂ,h)': H“‘ah)

D HesH = FEXRY
* ? is 1'm3 homoy phisme @) fis :inD Wome~ phidn .
Pomae s 0z $(2) 2 HOFW') 2 @ =0 a0 .50 kermdis sk,
b

To show Mo Riegtom amwwle , we mad o shew
FlisN= Fo) Yaed.

Pl a) = HHL) ¥ acd

B F0-D= FOODF) & FWI w Fs jubive

Sede. ®m
= Heace if Fi lofidd owds o o wpy 03]) 2 Fl cenlum o mpnnﬁ Q.(,D-)
X Q(D> is te  ypallesk Fdd i cmhin o opy taD

€ T, @ (D) EF ;

15 Prove F is o Reld

2? Fisd am ins:ﬂf« )"mj h.nma!phism {\:D"F

3 Use  upvevsal pnpu\v 13 fied, tdFr-EFm; fo_apk 4 in}tmt‘- |'m.:) oot phis £ 8(D) — E; ? [ f‘;) = £() Hb)_1

w> Showy Hel tveny elunund YJF is of ke A(m £) Fo
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LECTURE 5
A CTTHE 7 SO A0 DN N 6D
piook:  Skepl: QL) is @ fidd

Q) s o ing deadly. Tub b show mvre exsh lex atbie QTid be & nonzure Somamt .

\ G-oi

— — e - [Nl h‘ o _"'_ - _h -'l.
(athi) (a7hi) (o i) 0P 4t aZulp? atar?

Since hbeQ .  WE aye done,

depr B ZLY 7 &N E@=2

His s r.lcml\j wn injteive iina homemoTghism.

Step 20 By the  Giveasal ptupwijts fdd -j feachions.
T: Qzti)) > &bl ‘?(2_;-_‘): H.—..)w,)“
whidn s ol difind enydhint viny - pawematphicm.
Shepu.: ?) is suyjedhine

Seppose  ovoi QLN = xS £ Crsi DS
e

So sunjechwd .
Honee  iSomenphison, B

» Sppose. his v ond T o mon-emgly subset: e say T isen ided f hif
l: F.fuvla LYel, x-yex ond

b For svay x€T and oeh ,Ham axe I , xa eI.

(ﬂ So_LLiS h.'uy.rg

piook:  F gekerf ,be kwf D fla-b)2 {(x) ~f(b) = 0-0%0,

€ opclb, xe A 9 f(ax) T KO £(R):z 0-HA) =0, g



plook : Wt Shew Haak ki3 am idea) |

Suppose y,y'=T .

s: 5 L1 M m,. ]

= iz

“ # -
H y-1 T NN e x

Cewtly, & L
Suppu.u. T s ided :un\vu.'miuj 5.
Then by a;€h, Aok axjed D 2ax el S. ¥ tel, <eJ.

S 127 @

% We Say el T s ow proipd el i s guevabed by one element.
&= faxla el

We dende <1/ 51 xA.

* (xT1) +  (421) = (nay)+L

proak : Sappest ¥y *T.= ®o+L nn13|+.t=3,,r1:-
Then x,-%, €L  and ST O
Tohaa x4 tL = .y, 4T

D xy,-xNe € [



Buk M A¥-%) €1 1y, (x-m)el

Se dons .

Prook. v is cleay.
20 COF P(y)= (AL *F (yAE) =QesT = plxiy)
P o)ty ()= QAT)(y4T) = (Ay)4T = P (xy)
fer x+I e ML and ';“) = 4T D s & serjudiven

3. xe kex PSPz 04T x4T 2041 ¢ xel.

v Thq flms AT 5 caMed o Apanhiont ring of A and P % called | e | natuwed map

26 (The 18 MG Y Phism Yheorem for TWP’) -Su.ppoll = G s uﬁiﬁf humtmlph.ism. Then
Folatkert = Wb, Flaurf) = §(9)

Boa well delived  9riup isomavphism.

% SUng;!. E- k = ) k.‘ is l\.ﬁs\? 'hﬂ'q.m.-rp\u';u, Then
§s Afwerk = dm & (ot Kevf) 2RO s a 1ing isomarphism,
prost We  know by ¢ e pprghitm  fueoven  for groupsy £is isomavphim. WO shao Ra} i pueanie mudtiplicli,

Flaythorf) =i = 4004002 Fatket) S04 kf)  Vyyeh u

% Sapose m @5 o gositive inteyer-Teen Z/nZ 2 Z

post: et et Z P2 ke te zesidi wep (DT DN, Then g, i swijedive md xeKere, <= xe w7

S Z)0Z ¥Fna



2 Ol /<x-2> 2 RINB wd QLVEIE 10tblE |abeld
sk €x3-22 = Qe genarered by w2
2 1ot 968}
¢ﬁ: QU1=2C  be ke evoluaon nap.
Qlﬂ/m:p“ SR U .
Oeadty — im {)h = @A
Ker @ = Nere et Y2 L
b 60) € ket 4
ter En)= ) La-2)  +7(R)
D 16 & ke d)\!z. avd dey vea .
D gdzoxtlh D afith =0 buwt a,%e® 2D oaszbo.
wRIT0 S 3| fud.

- Al sy
S-let\ﬁ_.. <=5 . a



LECTURE 6

S o e e e i oo wd = o vaxac a‘,n“ € K[x) and a,#0.
oax" e Hee ’f‘*ﬁ‘m:} Kﬂmgﬁ | / LA (B):=a,
lﬂud\m‘a Lmﬂmm%' 0.

Benzer| = o,

A 1 ww P.’h,mw‘.l.

hyoz-® od  \d Co)=0

%  Fad Jeal e (35 40)  in 7, Tx)
Caluhion . Cxt) (h"*l) =led 4+ 2yL apxn = 3% taxt)

vunce de (LD antiD)) =2 .

% Suppese Ris | o uniBl  commudatite ding ond £() ,q0) ¢ klx
L Suppose. it kn&'r\g Creffecionk f £ s o ond e leading  aetiin o g kb 1 ab$0. men ld ()= Ld (£)14(q) omd
deg (4n) = dey(4)+ deg ()
& Supue ek fhe Jeadig nefficent o F s o oz - diser Then
WS = MEB UG). ) degfy= degt + Ay
proski Suppore
P35 ERNRE S ISE R S W

} 1 abFn Hen leading VM S by, .

qu = by + b+t by
Similadly o> 2. @

7= Suppare D 1g am inl’ﬂ:)ml, Aomoin . Then DLx] . s on mi-ua-ul domain .
punT-: Since D8 unihd  commukaive ﬂl\g. T\ntuim Dix) & o wih) ammuilwe 1',7\8_
Jup pose. Hnljb-) 0 Taen deg fq= "R D deqt *h-.,a e =0

¥ oheast o of doam 0. (slhe ot o lakak leading o5 amd compuns)



# J\xfpu.ﬂ. Dis an ';nl‘t:r;rfﬁp. dewainy - Then DLP‘SXT[\A
puef-‘- f.’l.tm:luj Dﬂ < be']ﬁ
fag £ € DL > que DAY
SfoHN9W = ) Aot 'nh»juJ: doyly > duy1=0
=) ¢ 89 oo ave 0.

So E’Jj ¢D

prosf: ® (¢ pmuJ. by shiong A thion, o deg b . [Fdent "&‘33 yHaen 4 ()20 and 1x) = £

16 ouaumy A«;P; "e?(j‘

"

n f
S;qu“, ()= 51__:“ q-‘x‘, 90)" 2: h;“‘ ,n“_v(-o M&bm 0.

0

£ o= f) - (h:u,.)n“'"aln)

Noks dctj T¢ J-ﬂjf' Hen by iaduiion ‘\Tr-lkuu
0= oy 9 + r(x)

Bam f1x) = G(:.)r(l._‘".,gx“"‘) By W)
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